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Abstract 

We investigate the occurrence and nature of naked singularities 
in the Szekeres space-times. These space-times represent irrotational 
dust. They do not have any Kihing vectors and they are generahsa- 
tions of the Tolman-Bondi-Lemaitre space-times. It is shown that in 
these space-times there exist naked singularities that satisfy both the 
limiting focusing condition and the strong limiting focusing condition. 
The implications of this result for the cosmic censorship hypothesis 
are discussed. 
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There exist many explicit solutions of the Einstein equations that exhibit 
naked singularities. Nevertheless the cosmic censorship hypothesis can still 
be true if these singularities could be shown to be in some sense non-generic. 
It was supposed by Tipler and independently by Krolak that all generic 
singularities are of strong curvature type. We say that a future-incomplete 
(respectively past-incomplete) causal geodesic terminates in a strong curva- 
ture singularity in the future (respectively in the past) if for every point g e A 
the expansion 9 of the congruence of the future-directed (respectively past- 
directed) causal geodesies originating from q and infinitesimally neighbour- 
ing A diverges (Tipler's strong curvature singularity) (becomes neg- 
ative (Krolak's strong curvature singularity)). We say that strong 
curvature condition holds if all future and past incomplete null geodesies 
generating an achronal set terminate in a strong curvature singularity. It 
was conjectured by Krolak that under strong curvature condition cosmic 
censorship holds. Subsequent work has shown that Krolak's conjecture is 
not true. On the one hand the censorship theorems proved by Krolak 
and later by Beem and Krolak |^ needed an extra restrictive assumption 
on causal structure of space-times and on the other hand explicit examples 
of naked strong curvature singularities in Krolak's sense (|^, |^) and in 
Tipler's sense (j^, 0, |ll|) were demonstrated in the Tolman-Bondi-Lemaitre 



(TBL) space-times representing sphericaly symmetric inhomogeneous col- 
lapse of dust and in Vaidya radiation collapse. The TBL space-times are 
special in two senses: they are spherically symmetric and they have matter 
in the form of irrotational pressureless dust. It is interesting to know whether 
naked strong curvature singularities occur in more general space-times. In 
this letter we show that naked strong curvature singularities occur in Szekers 
space-time that do not have any Killing vector. This result shows that naked 
strong curvature singularites do not arise as a result of spherical symmetry. 
Nevertheless the Szekeres space-times have the same special form of matter 
as TBL space-times i.e. irrotational pressureless dust. 



The Szekeres space-time |]T2[ is a solution of Einstein's equations repre- 
senting irrotational dust 

Gab = Tab = pUaUb, UaU" = 1, (l) 

where units are chosen so that c = SvrG = 1. The metric has the diagonal 
form 

ds^ = dt^-X^dr^-Y\dx^ + dy^), (2) 
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where (r, x, y) are comoving spatial coordinates. The solution is given by (we 
consider the case Y' = ^ ^ 0) 

^ R{t,r) ^ P{r,x,y)Y\t,r) 

P(r,x,yy ^JYfjlrj ' 

where /(r) > —1 and 

P = a{r){x'^ + y^) + 2bi{r)x + 2b2ir)y + c{r), (4) 
ac-bl-bl^^, (5) 

R'-f + ^^ (6) 

where F{r) is an arbitrary function of r and where dot denotes partial deriva- 
tive w.r.t time coordinate t. 

We assume the following regularity conditions. 

1. The metric is everywhere C^. Then the function P must be everywhere 
non-zero and its derivative w.r.t r must be continuous and vanishing at r = 0. 

2. The metric is locally Euclidean at r = 0. Then it is necessary to set 

/(O) = 0. (7) 

3. The function Ro{r) = R{r, 0) is a monotonically increasing function of 
r . We can then use the freedom in the choice of the radial coordinate r to 
obtain 

Ro{r) = r. (8) 
The dust density p is given by 

_ PF' - 3FP' 

Although for P > the surfaces r = const, t = const are spheres, the 
solution is not spherically symmetric because the spheres are not concentric, 
their centers are given by {—a~^bi, —a~^b2)- Szekeres has also analysed the 
singularities and their causal structure in his space-times. When R = 0, the 
singularity is of the first kind, and when Y' = the singularity is of the 
second kind. The singularities of the second kind are familiar shell- crossing 
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singularities that also occur in TBL space-times . Like in the TBL space- 
times shell-crossing singularities in Szekeres spaces can also be both locally 
and globally naked . However they are generally believed to be mild and 



we shall not consider them here. We shall eliminate these singularies by 
imposing a regularity condition 

Y' > 0. (10) 

Szekeres has also shown that whenever r > the shell of dust always crosses 
the apparent horizon before collapsing to singularity and therefore for r > 
the singularity cannot be naked. Therefore the singularity of the first kind 
can be naked only when r = which we call the central singularity. This 
situation is analogous to the TBL case. We shall show that like in TBL 
space-times naked strong curvature singualrities do occur in Szekeres space- 
times. We shall consider the case of gravitational collapse i.e. we shall require 
-R < 0. For simplicity we shall only consider the case of mariginally bound 
collapse i.e. we set 

/(r)=0. (11) 
Then the function R{r, t) is given by 




R = r^-7;\-.t ■ (12) 



Our analysis follows that of Joshi and Dwivedi for the TBL case [|]. We 
introduce a set of new functions: 

^ = (13) 
F' 

V = r—, (14) 

A = J' (15) 

= (16) 

T 2 

P' 

^ = ry, (17) 

where a > 1 and the unique value of the constant a is determined by the 
condition that does not vanish or goes to infinity identically as r ^ 
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in the limit of approach to the central singularity along any X = const 
direction. We shall assume that the above functions are at least C^. Partial 
derivatives R' and R' that are important in the analysis of the singularity 
are then given by 

R! = r^'-^H, (19) 
N 

R! = , (20) 

r 

where 

H = + (21) 



The tangents K"^ = dx"'/dk for the 
null geodesies can be written as 

= 



= const) 

(23) 
(24) 
(25) 
(26) 



outgoing radial [x = const, y 



dk~Y' 
dr _ V 

dk ~ PYY'' 

I-' 



where V satisfies the differential equation 

dk^' \YY> Y^ PY^)~^- ^^^^ 

The parameter k is an affine parameter along the null geodesies. 

If the outgoing null geodesies are to terminate in the past at the central 
singularity r — 0, which occurs at some time t — to at which R{to, 0) = 0, 
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then along such geodesies we have — » as r 0. The following is satisfied 
along null geodesies 

^ = -^AR^ + R']= (28) 

where we have put u = r°'. Let us consider the limit Xo of the function X 
along the null geodesic terminating at the sigularity at i? = 0,m = 0. Using 
the I'Hospital rule we get 

X„ = hm - = hm J5 = hm U{X,u) = f/(X„ 0) (30) 

The necessary condition for the existence of the null geodesic outgoing from 
the central singularity is the existence of the positive real root Xo of the 
equation 

V{X) = U{X,0) - X = 0. (31) 

By our regularity conditions we have that lim^^o >C = 0. Consequently the 
necessary condition for the existence of the naked singularity in the marigi- 
nally bound case of Szekeres space-time is the existence of positive real root 
of the equation 

[a^\ H{X,0) 




X 



X = 0, (32) 



where we put 



Vo = m, (33) 
Ao = A(0), (34) 
Qo = e(0). (35) 

This is exactly the same equation as in the mariginally bound TBL case 
[P]. Consequently the same analysis as in the TBL case applies here. We 
shall only summarize here a few key results. To show that the singularity 
is naked we still need to prove that there exists a solution of the geodesic 
equation such that the tangent Xo is realized at the singularity. One can 
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prove that there is always at least a single null geodesic outgoing from the 
central singularity (0 p. 5363). Thus the existence of the real and positive 
root of the equation is both necessary and sufficient condition for the 
existence of a naked singularity. 

We shall next investigate the strength of the singularity. Let M denote the 
space-time manifold. Let J{k) be defined on a null geodesic A : (fco, 0] — >• M 
parameterised by an affine parameter k 

J{k) = r RabK^'K^dk' (36) 

J ko 

We say that the limiting focusing condition (LFC) holds if J{k) is unbounded 
in the interval (fco, 0] and we say that the strong limiting focusing condition 
(strong LFC) if J{k) is non-integrable on an interval (/co,0]. It is proved 
in Ref. []14[ that LFC implies that A terminates in Krolak's strong curvature 
singularity in the future whereas strong LFC implies that A terminates in 
Tipler's strong curvature singularity in the future. 

To find out whether the naked singularity satisfies strong limiting focusing 
condition we shall investigate the limit lim^^o k'^RabK°'K^ along the future 
directed null geodesies coming out from the singularity. Using the I'Hospital 
rule, regularity conditions and Eq.|2^ we have 

where No = N{Xo,0). Thus if Aq 7^ the naked singularity satisfies the 
strong limiting focusing condition. 

Suppose then that = 0. We can write the Eq.^ in the following form 

Since as — > 0, iV — >• because Aq = and £ ^ by regularity condition 
the right hand side of the above equation is integrable on the interval {ko, 0] 
with respect to k. Thus the limit limfc^o exists. We also have 
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Thus if a = 1 the hmit Mmk^oK^ also exists. Let us suppose thet a = 1 
and let us consider the limit linifc^o kRabK'^K^ Applying the I'Hospital rule 
twice and using Eq.|2^ we get 

lim kRabK^'K^ = ^°^oHo ^. 

Thus when a = 1 the above limit is finite and the naked singularity just 
satisfies the limiting focusing condition {RabK"-K^ diverges logarithmically). 
If a > 1 the above limit diverges and the naked singularity also satisfies 
the limiting focusing condition (though not strong focusing condition unless 
Aq 7^ 0). The above results show that under the regularity conditions given 
above and for mariginally bound collapse any central naked singularity in 
the Szekeres space-time is always a strong curvature singularity in Krolak's 
sense. 
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